We report here the striking anisotropy of fluorescence exhibited by crystals of native green fluorescence protein (GFP). The crystals were generated by water dialysis of highly purified GFP obtained from the jellyfish Aequorea. We find that the fluorescence becomes six times brighter when the excitation, or emission, beam is polarized parallel (compared with perpendicular) to the crystal long axis. Thus, the major dipoles of the fluorophores must be oriented very nearly parallel to the crystal long axis. Observed in a polarizing microscope between parallel polars instead of either a polarizer or analyzer alone, the fluorescence polarization ratio rises to an unexpectedly high value of about 30:1, nearly the product of the fluorescence excitation and emission ratios, suggesting a sensitive method for measuring fluorophore orientations, even of a single fluorophore molecule. We have derived equations that accurately describe the relative fluorescence intensities of crystals oriented in various directions, with the polarizer and analyzer arranged in different configurations. The equations yield relative absorption and fluorescence coefficients for the four transition dipoles involved. Finally, we propose a model in which the elongated crystal is made of GFP molecules that are tilted 60°t o align the fluorophores parallel to the crystal long axis. The unit layer in the model may well correspond to the arrangement of functional GFP molecules, to which resonant energy is efficiently transmitted from Ca 2؉ -activated aequorin, in the jellyfish photophores.
We report here the striking anisotropy of fluorescence exhibited by crystals of native green fluorescence protein (GFP). The crystals were generated by water dialysis of highly purified GFP obtained from the jellyfish Aequorea. We find that the fluorescence becomes six times brighter when the excitation, or emission, beam is polarized parallel (compared with perpendicular) to the crystal long axis. Thus, the major dipoles of the fluorophores must be oriented very nearly parallel to the crystal long axis. Observed in a polarizing microscope between parallel polars instead of either a polarizer or analyzer alone, the fluorescence polarization ratio rises to an unexpectedly high value of about 30:1, nearly the product of the fluorescence excitation and emission ratios, suggesting a sensitive method for measuring fluorophore orientations, even of a single fluorophore molecule. We have derived equations that accurately describe the relative fluorescence intensities of crystals oriented in various directions, with the polarizer and analyzer arranged in different configurations. The equations yield relative absorption and fluorescence coefficients for the four transition dipoles involved. Finally, we propose a model in which the elongated crystal is made of GFP molecules that are tilted 60°t o align the fluorophores parallel to the crystal long axis. The unit layer in the model may well correspond to the arrangement of functional GFP molecules, to which resonant energy is efficiently transmitted from Ca 2؉ -activated aequorin, in the jellyfish photophores. G reen fluorescence protein (GFP), initially extracted and purified from the luminescent jellyfish, Aequorea sp, converts the blue light (that would otherwise be emitted by the Ca 2ϩ -sensitive protein aequorin) into a brilliant green fluorescence, the ''luminescence'' emitted by this jellyfish (1) (2) (3) . Both of these proteins are localized at high concentration in the photophores of Aequorea. Today, GFP and its genetically encoded variants are widely used as noninvasive fluorescent biosensors for protein expression, protein dynamics, and protein-protein interactions in living cells (4, 5) .
According to x-ray crystallographic analyses (6, 7) , GFP is a barrel-shaped molecule (28 kDa, made of 238-aa residues), about 24 Å in diameter and 42 Å in length. The outer cylinder of the barrel (the ''␤ can'') is composed of 11 antiparallel ␤ sheets capped with ␣-helical stretches of the molecule, part of which extends to the interior of the can and forms the fluorescent chromophore. The chromophore is situated near the center of the ␤ can and lies at Ϸ60°to the long axis of the can. Interaction between the (posttranslationally modified) tripeptide chromophore and those of neighboring residues is shown to determine the exact fluorescence property of GFP and its related constructs (6) (7) (8) ; the chromophore is no longer fluorescent when isolated from the ␤ can.
In this paper, we report on the anisotropic fluorescent properties of GFP as measured in crystals of native GFP (see Materials and Methods). Both the excitation and emission by the GFP crystals are found to show high polarization ratios. In addition, we show that the maximum-to-minimum fluorescence ratio observed between parallel polars is apparently governed by the product of the excitation and emission polarization ratios, reaching the high value of Ϸ30:1. These high values suggest that the chromophores in the crystals are arranged uniformly and that the crystals are effectively uniaxial.
These observations allow us to: (i) deduce the orientation of the chromophores, and in turn the packing arrangement of the GFP molecules, in the crystals of native GFP; and (ii) calculate the relative fluorescence polarization efficiencies of the absorbing chromophore dipoles and emitting dipoles. In addition, (iii) the exceptionally high fluorescence ratios observed between parallel polars are expected to provide a new method for dynamically observing, and quantifying, the changing orientation of fluorescent chromophores constituting (or attached to) functional molecular structures.
Materials and Methods
Preparation of GFP Crystals. GFP extracted from the jellyfish Aequorea was separated from aequorin and purified by column chromatography on anion exchangers and size-exclusion gels (3) by using improved chromatographic media now available. Highly purified GFP (2 mg, A 400 nm ͞A 280 nm ϭ 1.3) in 0.3 ml of 10 mM sodium phosphate buffer (pH 7.0) containing 0.1 M NaCl was placed in a 0.5-ml Slide-A-Lyzer cassette with a float (Pierce) and dialyzed overnight against 500 ml of deionized water contained in a borosilicate glass (Pyrex, Corning, NY) beaker at 4°C with slow stirring. The dialysis was continued with two more changes of fresh deionized water, without stirring. Crystals began to form in 2 days during dialysis with the last change of water. The contents of the cassette were transferred into a small plastic test tube with a syringe (18-gauge needle) and left standing at room temperature without cover to grow the crystals by spontaneous evaporation.
Determined by SDS͞PAGE with Coomassie blue staining, both the mother liquor and the crystals contained Ͼ98% pure GFP of molecular mass 28 kDa (published as supporting information on the PNAS web site, www.pnas.org).
Preparation of GFP Crystals for Microscopy. Crystals in 5-10 l of water were sandwiched between two 0.17-mm-thick fused quartz coverslips and mounted on a stainless steel support slide. The preparation was sealed with Valap (a 1:1:1 heated mixture of Vaseline, lanolin, and paraffin). Glass slide and coverslips were not used, because they caused the crystals to dissolve from their ends in a few hours, presumably by leaching out of glass components into the unbuffered medium.
The Microscope Optical System. Most of the observations were made in transmitted light fluorescence mode on a custom-built inverted polarizing microscope (9) in which light travels in a straight line between the virtual light source (output of the light-scrambling optical fiber) and the charge-coupled device (CCD) camera. Thus, the light path is free of any reflecting or beam-splitting components that can inadvertently affect the polarization state of the illuminating or imaging beam. The Abbreviations: GFP, green fluorescence protein; N.A., numerical aperture. † To whom reprint requests should be addressed. specimen, supported on a graduated very high-precision revolving stage, was illuminated by the output of a 100-W mercury arc lamp [Osram (Berlin) HBO-100]. Before reaching the specimen, the output of the lamp (made uniform in the aperture and field planes by passing through the fiber-optic light scrambler) was polarized through a Glan-Thompson polarizer [Karl Lambrecht (Chicago)] and filtered through a 450-nm low-pass filter [Corion (Holliston, MA) LS-450-F-K172-Corion]. The field diaphragm image was focused with a long-working-distance condenser [Nikon strain-free 0.52 numerical aperture (N.A.), 16-mm focal length] whose N.A. was set to 0.35. The specimen image was captured with an N.A. 0.4 objective lens (Leitz ''32ϫ͞0.65 UMK,'' equipped with an aperture diaphragm), followed by a Glan-Thompson analyzer, a 527 Ϯ 15-nm barrier filter (Chroma Technology, Brattleboro, VT), and a zoom ocular (Nikon with c-mount) onto a research-grade digital CCD camera [Hamamatsu (Middlesex, NJ) Orca-1]. The strain-free condenser and objective lenses were used with moderately low numerical apertures to prevent the polarization aberrations that can be induced at high N.A. (10) and could interfere with our measurements.
The optical sections in Fig. 3C were acquired in the epifluorescence mode with the Orca-1 camera through a confocal unit [Yokogawa (Hachioji-shi, Tokyo) CSU-10 equipped with a 520 Ϯ 6-nm barrier filter and illuminated by a 488-nm Argon ion laser] mounted on a Leica DMRA microscope equipped with a Plan Fluotar ϫ100͞1.3 N.A. oil objective and controlled with an image acquisition and analysis computer [Universal Imaging (Media, PA) METAMORPH].
The color images were acquired by transillumination with a Zeiss AxioCam charge-coupled device camera on a Zeiss Axio-Plan-2ie microscope equipped with a Plan Neofluar ϫ20͞0.50 N.A. objective lens. For Fig. 1 , a Zeiss filter cube that included a 510 Ϯ 25-nm barrier filter was inserted above the objective lens, and the specimen was illuminated with a quartz halogen lamp through a polarizing filter and a 450-nm low pass filter. For Fig.  3A , the excitation and barrier filters were removed and only the polarizing filter was used.
Image Analysis. Fluorescence and background intensities were measured directly from the 12-bit digital images captured by the Orca-1 camera into METAMORPH. Exposures, which were kept constant for any series of experiments, were chosen to keep the maximum and minimum pixel intensity values lying well within the linear range of the system, and with the minimum fluorescence intensity still significantly higher than the background. The average pixel values, of a circular region of interest narrower than the width of the crystals, were measured for the crystal fluorescence and corrected by subtracting the adjoining background pixel values for the same size area.
Results
Fluorescence Polarization of Native GFP Crystals. When columnpurified GFP from Aequorea are repeatedly dialyzed against distilled water in a borosilicate glass beaker, numerous needleto rod-shaped crystals appear in 2 days (see Materials and Methods). As pellets in a plastic centrifuge tube, they show a bright green fluorescence that can be seen by the naked eye even in room light. The crystals range from less than 1 m to many micrometers in width and up to several hundred micrometers in length (3) . Many of the crystals showed a thin hollow core, as described later. Nevertheless, x-ray diffraction analysis showed these to be true three-dimensional crystals (see supporting information II on the PNAS web site).
We examined the fluorescence of these crystals with a transilluminating polarizing microscope (see Materials and Methods) under several polarization conditions. When the ratio of maximum-to-minimum fluorescence intensities were measured under polarized illumination (i.e., the polarizer is present but the analyzer is absent), the intensity is maximum when the crystal long axis lies exactly parallel to the transmission axis of the polarizer and minimum when the two are perpendicular to each other. The ratio of fluorescence intensities was Ϸ6:1 ( Fig. 1 A  and B , Table 1 ). In other words, the anisotropic excitation ratio, or the dichroic absorption ratio, of the GFP crystals amounts to Ϸ6:1. This is a remarkably high number, for example, compared with the 4:1 dichroic ratio between 240-and 390-nm wavelength for B-form DNA, in which the UV-absorbing nucleotide bases are all aligned at nearly 90°to the fiber axis (11, 12) . Fig. 2A plots the fluorescence intensity changes under polarized illumination, with the crystal long axis oriented in various directions relative to the stationary polarizer transmission axis. The measured points [ Fig. 2 A (open circles)] fit closely with the fractional absorption expected of a dipole absorber oriented at different angles () to the polarized excitation light, i.e., they follow a cos 2 relationship [Eq. 1]. Therefore, the chromophores that absorb the polarized excitation in the native GFP crystals act as though they were dipoles that are all oriented nearly parallel to the crystal long axis.
When the crystals are illuminated with nonpolarized light, and the emitted fluorescence is examined through an analyzer (i.e., the polarizer is absent, the analyzer is present), the maximumto-minimum brightness ratio is again Ϸ6:1 (Table 1) . Furthermore, the fluorescence intensity is again maximum when the analyzer transmission axis is oriented parallel to the crystal long axis and minimum when the two are perpendicular. In other words, the fluorescence-emitting chromophores also behave as an array of dipole emitters whose major transition moments are oriented parallel to the long axis of the crystal of native GFP. Fig. 2B (open circles) plots the fluorescence changes observed through the analyzer in the absence of a polarizer, with the crystal axis turned to various orientations relative to the analyzer transmission axis. Again the measured points fit a cos 2 relationship (Eq. 2). Fig. 2C plots the relative fluorescence emitted by a crystal of native GFP observed between parallel polars, i.e., polarizer and analyzer are both present, with their transmission axes oriented parallel to each other. Again, as the stage is turned and the crystal is rotated around the axis of the microscope, the fluorescence becomes maximum when the crystal long axis comes to lie parallel to the transmission axes of the polars and minimum when the crystal lies perpendicular to the transmission axes of the polars. However, the ratio of fluorescence intensities rose to an extremely high value of Ϸ30:1 (Fig. 2C ; Table 1 ). We were surprised to find such a high value that approximates the product of the fluorescence excitation and emission polarization ratios.
So far as we are aware, these are the first observations that suggest that the maximum-to-minimum ratio of polarized fluorescence emitted by a chromophore (not moving randomly as in a solution) is, in fact, the product of the dichroism for absorption of the excitation light multiplied by the maximum-to-minimum ratio of polarized fluorescence emission that would be excited by nonpolarized light.
It is also interesting to note how the use of parallel polars dramatically increases the polarization ratio, in fact, by severalfold compared with using a single polarizer or analyzer alone. The use of optical systems using parallel polars would, therefore, be expected to significantly improve the sensitivity for measuring the orientation of fluorescent chromophores in general, not limited to those in GFP.
Equations for Relative Fluorescence Intensities.
Although the fluorescence polarization ratio measured between parallel polars appears to reflect the product of the excitation and emission polarization ratios, the curve in Fig. 2C does not quite fit a cos 4 {ϭ (cos 2 ) 2 } function. In fact, the measured points fit a curve partway between a cos 4 and a cos 2 curve. To further explore the underlying events, one of us (M.S.) analyzed the quantitative relationships between the events that should be taking place in the dipoles undergoing polarized absorption and emission, making the first-order assumption that the major dipole axes are oriented parallel to the crystal long axis.
As detailed in supporting information III(i) (on the PNAS web site), with the polarizer present, but in the absence of an analyzer (Fig. 2 A) , the equation becomes:
where the ␣s are proportionately coefficients for the intensity vectors of the fluorescence oriented parallel (␣ pp , ␣ ps ) and perpendicular (␣ sp , ␣ ss ) to the crystal long axis, relative to the excitation by blue light of unit intensity oriented parallel (␣ pp , ␣ sp ) or perpendicular (␣ ps , ␣ ss ) to the crystal long axis. is the angle between the crystal long axis (major dipole axis) and the transmission axes of the polarizer or analyzer as appropriate.
When the analyzer is present but the polarizer is absent [ Fig.  2B , open circles; supporting information III(ii) on the PNAS web site], the equation becomes:
again, proportional to cos 2 plus an offset as in Eq. 1.
For parallel polars, the fluorescence ratio becomes a function that is the sum of a cos 4 () and a cos 2 () term plus a small offset, as expressed by the following equation:
The curve for Eq. 3 [supporting information III(iii) on the PNAS web site], using the four coefficients calculated from the measured fluorescence polarization ratios, is plotted in Fig Ϫ ͑␣ pp ϩ ␣ ss Ϫ ␣ ps Ϫ ␣ sp ͒͒cos 4 .
[
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As predicted by Eq. 4 (where ␣ ps is very nearly equal to ␣ sp ), we find that the fluorescence intensity varies only slightly as the crystal orientation is changed between crossed polars. Furthermore, as predicted from the equation, the fluorescence intensity rises and falls four times during a 360°rotation of the crystal axis rather than twice, as was the case for the previous three conditions of measurement. The fluorescence intensity is maximum when the crystal long axis is oriented at approximately 45, 135, 225, and 315°rather than twice at 0 and 180°. Finally, between crossed polars, the fluorescence intensity minimum does not become as low as the minimum for the case of parallel polars (compare Fig. 2 D with C) . Solving these equations, we arrive at the four relative coefficients as: ␣ pp ϭ 29.6 Ϯ 6.7, ␣ ps ϭ 4.3 Ϯ 0.5, ␣ sp ϭ 3.8 Ϯ 0.8, and ␣ ss ϭ 1, with ␣ ss chosen as 1 to normalize these coefficients (see supporting information III on the PNAS web site).
Other Optical Properties of the Crystals. When observed with a polarizing microscope, illuminated through a 546 Ϯ 25-nm interference filter that removes the fluorescence excitation, the GFP crystals showed a weak birefringence, with the refractive index very slightly larger across the crystal. The coefficient of birefringence was Ϫ1.6 ϫ 10 Ϫ3 (nanometer retardance per micrometer thickness, measured at 546-nm illumination). The weak negative birefringence suggests that the ␤ cans of GFP (in which the ␤ sheets run diagonally at an angle somewhat smaller than 45°to the major axis of the ␤ can) are oriented with a large tilt angle relative to the length of the rod-shaped GFP crystal.
Observed in white light, the crystals also display a discernable visible light dichroism ( Fig. 3 A and B) . The crystals appeared in a yellowish straw color when the crystal long axis lies parallel to the polarizer or analyzer transmission axis and very pale blue in the perpendicular orientation. This dichroism undoubtedly reflects the orientation of the GFP chromophores whose major blue-absorbing dipoles lie oriented along the length of the crystal.
We noticed that many of the crystals in exact focus showed a weaker fluorescence along the axis of the crystal. At high magnification of a confocal microscope, several of the crystals showed a distinct hollow core (Fig. 3C ). Despite this hollow cylindrical morphology, x-ray diffraction patterns of our crystals showed an unambiguous three-dimensional lattice (see supporting information II on the PNAS web site).
Discussion
Utility of the Polarizing Microscope. As demonstrated, a transilluminating polarizing microscope (to which appropriate excitation and barrier filters are added) provides a major advantage for measuring anisotropy of fluorescence. The distribution of specimen fluorescence, in turn, can be rapidly recorded and measured with the aide of a wide dynamic range modern chargecoupled device camera.
With a transilluminating polarizing microscope, one can: (i) rapidly switch between different modes of polarized excitation and emission; (ii) readily measure specimen fluorescence as a function of stage angles, i.e., at various specimen orientations; and (iii) avoid using beam splitters, birefringent elements, and other optical components that could inadvertently alter the polarization states of the illuminating or imaging beam.
From measurements of the relative fluorescence intensities made under different combinations of polarizer, analyzer, and crystal axis orientations, one can derive the coefficients for Compared with using a single polarizer or analyzer, the use of parallel polars gives rise to a major increase in fluorescence intensity ratios as a function of fluorophore orientation. This new approach should dramatically improve the signal-to-noise ratio and sensitivity for following dynamic changes in orientation, or energy transfer, of individual fluorophores, e.g., when angular orientation changes for portions of single molecules are to be measured by using the polarized emission of single fluorophores (e.g., see refs. [13] [14] [15] .
Significance of Fluorescence Polarization Ratios.
Between parallel polars, the fluorescence of the native GFP crystal became maximum when the crystal long axis was oriented parallel to the transmission axes of the polarizer and analyzer and minimum at right angles to this direction (Fig. 2C) . The ratio of maximumto-minimum fluorescence was as high as 30:1 (Table 1) . When the fluorescence is maximum, the excitation absorbing and fluorescence emitting dipoles must both be oriented very nearly parallel to the polarizer and the analyzer transmission directions. That we observe a fluorescence polarization ratio that approximates the product of the polarized absorption and emission coefficients suggests not only that the chromophores are well aligned parallel to the crystal axis, but also that there is little dissipative loss of energy between fluorescence excitation and emission.
Between crossed polars, a fluorescence minimum is observed when the crystal axis is oriented perpendicular to the polarizer or analyzer axis (open circles in Fig. 2D ). These minimum values are, however, several times larger than the minimum observed when the polarizer and analyzer transmission axes are oriented parallel to each other (see Fig. 2C ). In fact, the very weak fluorescence emitted by a crystal whose long axis is oriented perpendicular to the transmission axes of polars that are oriented parallel to each other increases in intensity several-fold when the analyzer is turned 90°. This somewhat counterintuitive rise in fluorescence is explained by the fact that the component of polarized emission that parallels the crystal axis is now fully transmitted by the analyzer.
The relative coefficients (␣) that we derive are phenomenological values, i.e., they relate to the polarization components parallel and perpendicular to the long axis of the crystal. They cannot be directly ascribed to the anisotropies of the absorbing or emitting chromophores of GFP. Nevertheless, our observations suggest that the transition moment of the chromophore in GFP is not so much planar (as the arrangement of the tripeptide alone may suggest), but that it is nearly linear. They may be highly elongated prolate ellipsoids, oriented parallel to the length of the tubular crystal (Fig. 4C) .
In our analysis, we assumed that the major dipole axes of the GFP chromophores were all uniformly oriented parallel to the crystal long axis. If, instead, we assume that the dipoles, each of which we now assume to possess infinite polarization ratios, were to be oriented with some scatter angle relative to the crystal long axis, what would be the maximum angle they could deviate from the crystal long axis and still show the polarization ratios similar to what we observed? Model calculations (assuming two sets of incoherently illuminated dipoles that are oriented in a plane normal to the light path at various degrees from the crystal axis) show that the maximum angle by which such dipoles could deviate is approximately 22°. These numbers set a limit to the tilt angle that the chromophores could exhibit relative to the crystal long axis, assuming that each dipole exhibits an infinite polarization ratio for fluorescence excitation and emission.
Proposed Arrangement of the GFP Molecules Within the Crystal and
Jellyfish Photophore. We envision that the major absorbing and emitting dipoles of the fluorescent chromophores in our waterdialyzed crystals of native GFP are regularly aligned parallel to the crystal long axis ( Fig. 4 A f-fЈ, C) . Taking into account reported x-ray crystallographic data showing that the plane of the conjugated bonds of the fluorescent chromophores are oriented approximately 60°to the long axis of the ␤ can (Fig. 4B) , we come up with a schematic model for the arrangements of the GFP molecules in the crystals as shown in Fig. 4C and as expanded in the figure legend.
Within the light-emitting cells of the jellyfish Aequorea, GFP and aequorin molecules are tightly packed in small membranebound photophores (3) . The intact photophores emit only green light characteristic of GFP fluorescence but no blue light from aequorin.
We speculate that within the photophores, sheets of GFP molecules, with chromophores oriented in a regular array as depicted in Fig. 4C , alternate with sheets of aequorin molecules so that the two chromophore groups are in close proximity and oriented parallel to each other. Blue energy from the aequorin layer, triggered by Ca 2ϩ ions, would then nonradiatively excite the green fluorescence of GFP. Fingers or sheets of cell membrane, layered next to the aequorin layers, could efficiently control the Ca 2ϩ environment of aequorin. We hope to test this model by checking the fluorescence anisotropy and ultrastructure of the intact Aequorea photophores.
The thin rod-shaped crystals that we used for our optical analyses were formed in Ϸ2 days by dialysis of highly concentrated GFP against deionized water. The same material, diluted by 3-fold to more slowly produce somewhat larger rod-shaped crystals (of up to 15 m in width), was used to obtain the x-ray diffraction pattern (see supporting information II on the PNAS web site). By growing crystals with even better formed faces, we may be able to measure the fluorescence polarization ratios for light traveling along different axes of the crystal. The scatter of the data we report in Table 1 may then be explained as representing different ratios of the polarized fluorescence originating from chromophores viewed from different angles. Fig. 5 shows an SDS acrylamide gel, stained with Coomassie blue, of the GFP crystals used for our optical studies and the deionized water-based mother liquor in which the crystals were formed. The major band at 28 kDa for both the crystal and mother liquor is due to the GFP protein. As seen, there is virtually no material at the dye front and there are very faint auxiliary bands. The GFP protein is >98% pure, as shown by the gel analysis.
Supporting information for
II. X-ray diffraction pattern of GFP crystal at ≈ ≈ ≈ ≈2.7-Å resolution (courtesy T. Senda). Fig. 6 shows an x-ray diffraction pattern of a 15-µm-wide crystal formed from the native GFP protein used in our optical studies. The larger crystals were formed more slowly by diluting the GFP solution by three times before dialysis against deionized water. The pattern shows the crystal system to be orthorhombic with a space group of P2 1 
III. Derivation of equations (by MS).
Let us assume that each polarization component of excitation illumination excites two orthogonal linearly polarized noncoherent components of fluorescence light. A component of absorbed illumination that is polarized parallel to the long crystal axis I p1 transforms into two components of emitted fluorescence with parallel and perpendicular polarizations I p2 and I s2 respectively: I p2 = α pp I p1 and I s2 = α sp I p1 .
In the same manner, a component of absorbed light with perpendicular polarization I s1 creates two components of emitted light: I p2 = α ps I s1 and I s2 = α ss I s1 .
When two components of excitation radiation are present, then I p2 = α pp I p1 + α ps I s1 , I s2 = α sp I p1 + α ss I s1 .
Here α pp , α sp , α ps and α ss are proportionality coefficients.
(i) In the case when the polarizer is oriented to the GFP crystal at an angle ϕ and the analyzer is absent, the intensity of fluorescence I is: where I 0 is intensity that falls on the polarizer.
The fluorescence becomes maximum at I max and minimum at I min , where I max = 0.5(α pp + α sp )I 0 , when ϕ = 0° and 180°, and I min = 0.5(α ps + α ss ) I 0 , when ϕ = 90° and 270°.
Thus, the intensity ratio of the fluorescence ξ 1 is ξ 1 = α pp + α sp α ps + α ss .
(ii) When the polarizer is absent and the analyzer is oriented at an angle ϕ to the GFP crystal, the intensity of fluorescence I is I = 0.5 I 0 (α sp + α ss ) + 0.5 I 0 ((α pp + α ps ) − (α sp + α ss ))cos 2 ϕ ,
where I 0 is intensity that falls on the GFP crystal.
The fluorescence then has a maximum at I max and minimum at I min , where I max = 0.5(α pp + α ps ) I 0 , when ϕ = 0° and 180°, and I min = 0.5(α sp + α ss ) I 0 , when ϕ = 90° and 270°.
Thus, the polarization ratio ξ 2 in fluorescence beam is ξ 2 = α pp + α ps α sp + α ss .
(iii) In the case when the polarizer is oriented at an angle ϕ to the GFP crystal and the analyzer is oriented parallel to the polarizer, the intensity of fluorescence I is described by a formula containing terms cos 2 ϕ and cos 4 ϕ : I = 0.5(α ss + (α ps + α sp − 2α ss )cos 2 ϕ + (α pp + α ss − (α ps + α sp ))cos 4 ϕ ) I 0 ,
where I 0 is intensity that falls on the polarizer.
The fluorescence becomes maximum at I max , and minimum at I min I max = 0.5α pp I 0 , when ϕ = 0° and 180°, I min = 0.5α ss I 0 , when ϕ = 90° and 270°.
Thus, the fluorescence intensity ratio ξ 3 is
(iv) When the polarizer is oriented at an angle ϕ to the GFP crystal and the analyzer is oriented perpendicular to the polarizer, the fluorescence intensity becomes: I = 0.5(α ps + (α pp + α ss − 2α ps )cos 2 ϕ − (α pp + α ss − (α ps + α sp )) cos 4 ϕ )I 0 ,
The fluorescence has two sets of minima I min ' for ϕ = 0°,180° and I min " for ϕ = 90°, 270°. Moreover, I min ' = 0.5 α sp I 0 and I min "= 0.5 α ps I 0 .
Thus, we get a ratio: ξ 4 = I min ' I min " = α ps α sp .
Maxima will occur at the following points: 
